A f i v e -s t e p procedure was used i n the 1990 performance simulations to construct probability distributions of the uncertain variables appearing in the mathematical models used to simulate the Waste Isolation Pilot: Plant's (WIPP'S) ~erforrnance. This procedure provides a consistent approach t o the constructian of p r o b a b i l i t y distributions in cases where empirical data concerning a variable are sparse or absent and minimizes the amount o f spurious information that i s often introduced into a distribution by assumptions of nonspecialists.
.... This procedure provides a consistent approach to the construction of probability distributions fn cases where empirical data concerning a variable: are sparse or absent and minimizes the amount of spurious information that is often introduced into a distribution by assumptions of nonspeci,alists. The procedure gives first priority to the prafessional judgment, of subject-matter experts and emphasizes the use of site-specific empirical data for the construction of t h e probability distributions when such data arc available. In the absence of sufficient empirical data, the In addition to specifying numerical limits, the Containment Requirements also suggest ia general approach to the testing of compliance with the numerical limits on t.he likelihoods of cumulative releases of radioactivity from the disposal system. The EPA calls this general approach "performance assessment" and suggest.^ that, if practicable, its end-product should be an overall probability distribution of cumulative releases of radioactivity to the accessible environment. The published guidance for interpreting and implementing the Containment Requirements suggests that the overall probability distribution should take the form of a ". . . 'complementary cumulative distribution function' that indicates the probability of exceeding 
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Issues Not Addressed in Thls Report
Owing to limited information and time constraints, it has not been possible to address all the issues that are normally associated with the construction of probability distributions for a set of model variables. Important issues not treated or only mentioned here are 
The f a c t that issues (a) and (b) were not addressed i n the 1990 performance simulations severely l i m i t s the v a l i d i t y o f some of the CDFs that were
construc1:ed by the procedure described in this report; further discussion of these ist:ues is provided i n Chapter 111,
II. PROCEDURES FOR CONSTRUCTING PROBABILITY DlSTRlBUTlONS
An Outline of the Procedures
In 1990,, the WIPP Project constructed p r o b a b i l i t y distributtons for the uncertaf-n variables appearing in performance models of the WIPP System by f o l l o w i r l g s t e p s 1 through 5 described below. Explanations of the meaning of underlined terms appearing in descriptions o f the steps are deferred u n t i l l a t e r sections o f this chapter. The acronym RI, "responsible investigator," will hereinafter mean the Sandia National Laboratory investigator who is judged t o se the expert in the subject matter of the variable.
STEP 1
Determine ::he existence of site-specific empirical data for rhe variable in question; : . . a , , find a documented set of site-specific sample values o f the variable. If empirical data sets exist, go to Step 3 ; if no empirical data sets are fclund, go to Step 2.
STEP 2
Request chet the RIs supply a s p e c i f i c shape ( e . g . , normal, lognormal, etc.) and a s s o c i a t e d numerical parameters for the distribution of the variable. If the RIs a s s i g n a specific shape and numerical parameters, go to Step 5 ; if the RIs cannot assign a specific shape, go to S t e p 4 .
STEP 3
Determine t 
STEP 4
Request thal: the RIs provide subjective estimates of (a) the range of the variable ( i , e . , the minimum and maximum values taken by t h e variable) and (b) for that quantity should be constructed using only those subjective but quantified judgments -about the quantity that are made by experts in the subject matcer pertaining to the quantity. It is assumed t h a t a subject-matter expert will take account of all relevant information, sitespecific or generic, in making subjective but quantified judgements about the shape of a variable's distribution.
Axiom 1 recognizes that empirical, system-specific data -combined with proven. tneoretical concepts and informed, professional interpretation of the data --3re the only lfnk between the real system and the mathematical models that are being used to study the real system's behavior. The need for Axiom 2 arises when, for various reasons, numerical data f o r an independent variable of a modr?l are few or entirely absent (unfortunately, this is the situation for the ~n a j o r i t y of the uncertain independent variables in current WIPP performallce models). When data are lacking, professional judgment is all that is left; Axiom 2 ensures that only subjective information provided by persons with sget:ialized knowledge of the variable (usually, persons ocher than the perforaar~ce-assessment analyst) will be included in determining the form of the prabz.bility distribution. Adherence to Axiom 2 practically dictates the use of a particular method called the Maximum Entroav Formalism (MEF, see below) for: constructing probability distributions from quantifiable subjective j udgmen t s .
Empirical Cumulative Distribution Functions
Suppose that one is given N > 3 sample values o f an uncertain irtdependent variable X that appears i n a WIPP performance model,
In the remainder o f this chapter, it is assumed t h a t the X , s are independent, identical1,y distributed random variables with a common (but unknown) CDF that i s here de,noted by F ( x ) . Furthermore, since a11 of the WIPP performance-model variables ,are positive, i t will be assumed that X is a non-negative variable; i . e . , X 2 I ) . As an example, one can take the 15 sample values of Culebra tortuosity cited in Table 1 Table E The empirical CDF described above can be modified and c a s t into a continuous distrfibt.tion i n several ways. Perhaps the s i m p l e s t way is to draw s t r a i g h t l i n e s b~c w e e n the v e r t i c e s of the e m p i r i c a l CDF, i . e . , the points ( 0 , 0 ) , , p2) , . . . , ( x~, p~) 
Piecewise-Llnear Cumulative Distribution Functions
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Piecewlse-Linear Cumulative Distribution Functions
It is somswhat surprising t h a t the piecewise-linear CDF obtained by s i m p l y drawing straight lines between empirical-percentile points of an empirical CDF i s the-saine distribution t h a t is obtained by using the Maximum Entropy Formalism (MEF; t o be discussed in the next section) and constraints specifled by empirical percentile points.
The Maximum Entropy Formalism
The l i t m a t u r e on t h e Maximum Entropy Formalism (MEF) is now vast; the reader should consult the reviews edited by Levine and Tribus (1978) I n t h i s r e p o r t , the MEF is simply regarded as a consistent mathematical procedure f o r the derivation of a probability distribution function f o r an uncertain \.arfable, X, from a set of quantitative constraints on the form of that dis1:ribution; e . g . , quantitative statements about the range, the mean, the variance, or the percentiles of the d i s t r i b u t i o n . The q u a n t i t a t i v e c o n s t r a i r i t s may be e m p i r i c a l constraints, i . e . constraints based on sample values of t h e variable, or subjective constraints based on professional judgment .
The central problem of the MEF is the determination of extrema of the socalled e n t z -4 )~~ functional, defined by over the set of all p r o b a b i l i t y density f u n c t i o n s , E(x), which are nonzero i n the range [a,b] and which s a t i s f y prescribed, q u a n t i t a t i v e constraints. The entropy functional has also been i n t e r p r e t e d as a measure of t h e amount of u n c e r t a i n t y i n h e r e n t in a PDF o r as a measure of the amount of fnformation t h a t would be required to specify completely the value of a random variable X (for the idea that entropy is "missing" information, s e e B a i e r l e i n , 1 9 7 1 ) . Thus, finding an extremum of the e n t r l p y functional subject t o prescribed constraints can be construed as findtng the PDF, within the set of all PDFs that incorporate t h e information inhe:rent i n the constraints, which maximizes the amount of remaining info::malion that must be supplied in order to completely specify t h e v a l u e o f t h e l m c e r t a i n variable X . Use of the MEF can minimize the amount of spurious info~:mation t h a t often enters i n t o the construction of a PDF from sparse data o r l i m i t e d quantitative information.
I
The ~r e s c r i b e d informational constraints are best expressed as integral c o n s t r a i n t s , i . e . , they should take the form where the gms are given, integrable functions o f x on the interval [a,b] and the C,ns are given constants. One necessary c o n s t r a i n t o n a PDF i s t h a t i t s integ.ral over [ a , b ] must equal one; thus one conventionally takes go-1 and Proofs of Cases a, c, and d can be found i n Tribus ( 1 9 6 9 ) . The author has not been able to locate a proof of Case b and has therefore supplied h i s own proof below.
L e t the. empirical or subjective percentile points be the given as . For example, consider the i n t e g r a l o f f*(x) between xm, 1 and x,. Th,is i n t e g r a l is (x, -x,-l)A,, b u t by the constraints it is also equal to (pm -Pm-1) . It follows t h a t By i n t a g l -a t i n g f*(x) -A,, m = 1,2, . . . , M+I , between xo = a and a p o i n t < > a, one fj.nds the CDF associated with f*(x) :
This r e s t . l t is a piecewise-linear CDF o f the kind described e a r l i e r i n this chapter.
Once again, the reader should take note that i n using t h e MEF, the ranges, percen1;iles and percentile p o i n t s , mean values, and variances to be supplied in Cases a through d can be either empirical or subjective numbers; t h a t is, they cfin be numbers derived from measurements of the variable X , o r they can be furnished a s the " b e s t estimatestt of the RIs. Of course, if only subject:ive estimates are used to form the parameters of an MEF distribution, i t i s meaningless t o inquire whether that distribution is an unbiased estimator of t h e unknown distribution, F ( x ) . The resulting distribution is pusely sub.jective and can only reflect the accuracy of the PIS' best estimates of the disl:ributiont s parameters.
An Application of the Procedures
The most recent simulations of WIPP performance used probability distributions obtained by the five-step procedure described above. The results of this first, informal trfal of the procedure are summarized in Table 11 
MEF-bunds are maximum and minimum of values given
in Table A-8 
Ill. LIMITATIONS ON THE 1990 PROBABILITY DlSTRI BUTIONS
The major limitations on the validity of the probabtlity distributions constructed for the 1990 performance simulations are believed to be the consequence of two things :
(1) The effects of spatial averaging on the variance of model variables used i n lumped-parameter models were ignored.
Possible correlations between model variables were ignored.
The Effects of Spatial Averaging
Since most. of the WIPP performance models are lumped-parameter models, many of the variables to be assigned CDFs in the WIPP performance models are actually spatial averages of physical quantities that can only be measured an s p a t i a l scales that sre small compared with the spatial scale used i n the models. F o r example, the effective hydraulic conductivity and porosity of a WIPP waste room (a st-ru-ture having a volume of the order of 1000 m3) are actually volumetric aaerages over the local hydraulic conductivity and porosity of appro xi mat el:^ 1000 consolidated waste units (collapsed waste barrels) each having volum~?s of the order of one cubic meter. The RL usually provides information ,ibout variability of a quantity on the smaller of the two spatial scales. It :is easy to show t h a t use of t h i s small-scale variability to reflect d i r e c t l y the variance in the lumped-parameter model variable will result in uni~ecessarily conservative CDFs. Very roughly, the following relationship holds between the variance of a volumetric average and the variance of r:he "local," small-scale quantity:
where v is a correlation volume and V is the volume over which the local physical quailtity is to be averaged (analogous relationships hold for l i n e a r and a r e a l a v~? r a g e s )
. Although the precise size of the correlation volume is not known in every case, ir is usually known t h a t v << V. It follows that the variance of it volumetric average m a y be much smaller than t h e apparent variance o f .:he local quantity. On the o t h e r hand, t h e mean value of the volumetric zrerage should be equal to the mean value of the local quantity.
The picture 1 1 f the PDF f o r a spatial average that emerges from these remarks is one c f a distribution t h a t is sharply peaked about: the mean value o f the l o c a l quantity. I n the absence of other kinds o f information indicating uncertainty in the mean value of the local quantity, it would be inefficient t o s a a p l e from such a highly peaked distribution; the variable i n question would simply be assigned the best estimate of the mean value of the local q u a n t 1 . t~.
Thus, in seeking more information about those model variables that are known to be spatial averages of local quantities, it may be necessary to ask that experts ,?rovide scales of measurements and correlation lengths, and state t h e t r estimate of the uncertainty in the mean value of the local quantity, in addition t o providing the observed or perceived variability of the local quantity i t s e l f .
Correlations Between Model Variables
All of the uncertain variables studied during the 1990 performance simulations were assumed to be independent random variables, although it was known i n advance that many o f them were interdependent, i . e . correlated in some way. Correlatj.ons of the model variables may arise from the fact t h a t there are natura'l c.orrelations between the local quantities used to determine the form of the mcldel variable ( e . g . , local porosity could be strongly correlated with local per,meability); or correlations of model v a r i a b l e s may be implicit i n the form o f the mathematical model i n which they are used. A s an example of the latter circumstance, the current model for predicting WIPP-room hydraulic conduct;ivity and porosity (see Rechard 1990b, Chapter 111) makes these variables depend upon the volume f r a c t i o n s of s p e c i f i c waste forms ( i . e . , fractions of combustibles, m e t a l l i c s , sludges, etc.) contained in the entire waste inventory. These volume fractions are obviously uncertain variables themselves even though they were not treated as variables i n the 1990 perforniance simulations, Taking account of the uncertainty in volume fractions would change estimates of the uncertainty i n the mean value of the WIPP-room hydraulic conductivity and porosity.
Correlatims among the important v a r i a b l e s of the WIPP performance models need t o be examined in detail since these model-dependent correlations may either increase ,)r decrease the variance a £ a particular variable, and therefore effectively change the shape of that variable's CDF.
GLOSSARY
ccdf -see complementary cumulative distribution function.
cdf -see cumulative distribution function. normal distril~ut-lon -A probability distribution in which the PDF is a symmetric, be::l-shaped curve of bounded amplitude extending from minus in£ inity to pLus infinity.
PDF -see probability density function. variance -The square of the standard deviation of a probability distribution; the standard deviation is a measure of the amount of spreading o f a PDF about i t s mean.
